Let R be a complete blocked triangular matrix algebra over an infinite field F. Assume that R is not an upper triangular matrix algebra or a full matrix algebra.
INTRODUCTION m Ž .
Denote by ‫ލ‬ F the direct sum of m copies of the full n = n matrix n w x algebra over a field F. Krupnik Ž .
n ½ 3 if n G 3.
Also, for each finitely generated Banach algebra A there is a number n 0 Ž . such that the algebra ‫ލ‬ A can be generated by three idempotents n Ž w x. w x whenever n G n see 3 . In 1 it was shown that the minimum number Ž Ž ..
‫ޕ‬ S of idempotents needed to generate the n = n upper triangular n Ž . matrix algebra ‫ޕ‬ S as an S-algebra over an arbitrary commutative ring n S, is given by log n q 1 if n s 2, 3, 4, In this paper we show that if R is a complete blocked triangular matrix algebra over an infinite field and if R is not an upper triangular matrix algebra or a full matrix algebra, then where m is the number of 1 = 1 diagonal blocks of R. In fact, this result 1 holds for any field with at least g q 1 elements, where g is the maximum number of diagonal blocks of any specific size greater than or equal to 2. We wish to point out that we cannot in general rearrange the diagonal Ž . blocks in ‫ލ‬ F to group together the diagonal blocks of the same r , r , . . . , r 1 2 t size, since, for example, the complete blocked triangular matrix algebras
are not isomorphic. In fact, with T T denoting the Jacobson radical, we have that
Ž . Ž . For an F-algebra R we denote by R the minimum number of Ž . elements needed to generate R as an F-algebra. Thus if R s , then R is a quotient of the polynomial F-algebra in non-commuting vari-Ž . ables. In the second section of this paper we determine R , where R is a direct sum of full matrix algebras over a field, and in the final section we Ž . Ž . determine R and R , for a complete blocked triangular matrix algebra R. k m j Ž .
GENERATORS FOR [ ‫ލ‬ F n js1 j
In the remainder of this paper, we denote by F a field that is not Ž m Ž .. necessarily infinite. In the first result we determine ‫ލ‬ F . n Ä 4 For n G 2 and ␣ g F _ 0 denote by P , Q , and R the following Ä 4 m Ž . For ␣ , . . . , ␣ in F _ 0 we define the following idempotents in ‫ލ‬ F : we denote by I the multiplicative identity of ‫ލ‬ F , then P q Q n n n y I is nilpotent.
Let n and m for j s 1, . . . , k be positive integers with n -n -иии
-n . In the following two results we determine [ ‫ލ‬ F . First we
establish some notation. We denote by :
projection map from [ ‫ލ‬ F onto ‫ލ‬ F , by the injection in the n n n js1
opposite direction, and by id:
max m , . . . , m ifk) 1 and n s 1.
Then P q Q and R generate [ ‫ލ‬ F as an F-algebra.
Assume that n s 1 and k G 2. Denote by 0 the additi¨e identity
Let A , . . . , A be elements of [ ‫ލ‬ F such that:
Ž . Proof. We only prove b . A similar argument will work for a . Denote
by S the subalgebra of [ ‫ލ‬ F generated by A , . . . , A , and by I the
in F, and let b s 0 if a s 0. For s s 1, . . . , m , let
Since A , . . . , A generate F , there is a matrix C in S with
. n k zeros in the positions where A y I has zeros, then A g S. Therefore
, we have B g S, B s 0, and B s A y n n r n n n r
By ii and Theorem 2.1 we have S s ‫ލ‬ F , and so if a is an
n n k k arbitrary element of F and 1 F u,¨F n , then there are matrices D and
. n ky 1 y1 I and repeat the above argument to eventually obtain that
. . , m and assume that F G g q 1. In the following result we specialize Lemma 3.2 to obtain a criterion for Ž . Ž . a subalgebra of ‫ލ‬ F to be equal to ‫ލ‬ F .
r , . . . , r r , . . . , r 
The entry on the superdiagonal next to the last row of B is also zero. denote by S the subalgebra of ‫ލ‬ F generated by U , U , and U . r , . . . , r
Recall that P , Q , and R were defined in Section 2. Construct n, ␣ n n idempotents U w1x and U w2x with the following properties:
Ž .
w ix Ä 4 a U s P or Q for some ␣ g F _ 0 , i s 1, 2, and j s 1,
Ž . Proof. This follows from Lemma 2.2, Theorem 2.3, the proof of Theorem 2.3, Theorem 3.3, and the proof of Theorem 3.5.
Now we are in a position to use Corollary 3.4 to prove the main result. 
where m is the number of 1 = 1 diagonal blocks of R. In 1 it was shown that it is possible to construct idempotents U , . . . ,
that:
ii If m ) 2, then U is a diagonal matrix with 1, 0, 1, 0, . . . on 3 the main diagonal.
Ž .
iii The ith component, for all i with 1 F i F m y 1, of at least one Denote by S the subalgebra generated by idempotents V w1x , . . . , V w l x with the following properties: w ix the jth diagonal block is equal to 0 in both V w1x and V w2x , or equal to 1 in In this situation V s 1, 1, 0 or 0, 1, 0 , and the last . i assume that the j q 1, j q 1 th block of V V , for i G 1, is equal to ep0. Thus by using the matrices V w1x V w2x , V w1x V w2x V w1x , V w1x V w2x V w1x V w2x , . . . , we can obtain a matrix C with a 1 in the last position of the first row of Ž . Ž . Ž . Ž . block j, j and all other entries in blocks j, j , j, j q 1 , j q 1, j q 1 equal to zero. Also, by using the matrices CV w3x V w1x , CV w3x V w1x V w2x , CV w3x V w1x V w2x V w1x , CV w3x V w1x V w2x V w1x V w2x , . . . , we can obtain matrices with any Ž . desired first row in block j, j , and all the other entries in blocks Ž . Ž . Ž . j, j , j, j q 1 , j q 1, j q 1 equal to 0. Denote by D a matrix with the Ž . first and last entry in the first row of block j, j equal to 1 and all other Ž . Ž . Ž . entries in blocks j, j , j, j q 1 , j q 1, j q 1 equal to zero. We set A w3x equal to CV y D.
Ž w x . EXAMPLE 3.8. Also see the example at the end of 1 . In this example Ž . we construct four idempotent generators for ‫ލ‬ F , 
